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|mportant Ingredients of MPC
Algorithm

Dynamic Model — Prediction Model

— Predicted future outputs = Function of current
“state” (stored in memory) + feedforward
measurement + feedback measurement
correction + future input adjustments

Objective and Constraints
Optimization Algorithm
Receding Horizon Implementation



General Setup

Sate Update

New Input Move
(Just | mplemented)

Future Input Moves
(To Be Determined)

/Dynamic Model State)
Compact representation
Of the past input record

for Future Outputs

_ _
Previous State
(in Memory)
¥, o Measurement
Prediction l ~~~~~~~ Correction
™ Feedback / Feedforward
Prediction Model e M easurements

v

To Optimization




Options

 Model Types
— Finite Impulse Response Model or Step Response Model
— State-Space Model
— Linear or Nonlinear

e Measurement Correction
— To the prediction (based on open-loop state cal cul ation)
— To the state (through state estimation)

e Objective Function

— Linear or Quadratic
— Constrained or Unconstrained



Prediction Model for Different
Model Types

Finite Impul se Response Model
*Step Response Model
«State-Space Model




Sample-Data (Computer) Control

1

Model relates
Input samplesto
n output samples
{Vo’Vlivz""}
SAMPLER \L
W Input Sequence Output Sequence {yo ! yl’ y2 " }
CONTROL o
ALGORITHM
{vo,v1,v2,...} & Yor YL Yzse -} =
{v(0), v(ts),v(2ts),...} {y((’]: y'(.ta)! !J'(.Zta)! cee}
vcanbeaMV
l /ﬂﬁﬂm e
1TET3T4T5TE (xts) 1234.. . (ts) M red bV

(d)



Finite Impulse Response Model (1)

v(t) 1

v={1,0,0,...}

Assumptions:
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y(t)
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 Hy= 0: noimmediate effect

e Theresponse settlesback innstepsst. H. ., = H,.
= ... =0: “Finite Impulse Response’ (reasonable
for stable processes).



Finite Impulse Response Model (2)

Linear Model— “ Superposition Principle”

— H, v(K-1

‘ — H v(K-N

y(K) = Hv(k=1) +---+H v(k—n)



Step Response Model (1)

y (L)

- PLANT — -

{lr 1, 1,.. } {DFS].F SEFS:."F"'}

Assumptions:
e« § = 0:noimmediate effect

 Theresponsesettlesinnstepsst. 3= S, =...=S_: the
same as the finite impul se response assumption

* Relationship with the impul se response coefficients:

Sk 2?:1 H;
Hy, Sk — Sk—1



Step Response Model (2)

oState
n future outputs assuming

X(K) = [yOT (K),---, yn—lT (k)]T the input remains constant at

the most recent value.

Y. (k) = y(k+1) w/ Au(k) =Au(k+1)=---=0

past input trajectory

past future past future
x(k)
— |l 4 _—
| a
k+n-1

Note y,,(K) =Y, (K)=--=y.(K)
Also y(k) = y, (k)



Pictorial Representation of The State Update
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Step Response Modd (3)

o State Update

x(k+D)=Mx(K)+ S Av(K)
:hﬁ stepresponse
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Step Response Modd (4)

*Prediction | _
past input trajectory
-4 - o, —
past future past future
x(K) .
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Step Response Model (4)

e Prediction
Model prediction of y(k) — y(k) = yo(k) — [110, e ’O]X(k)

Model prediction error —» e(k) = ym(k) — y(k)

Future input

Predicted future The “state”’ stored in moves
output sampl_es __ Mmemory ~ ,/ (to be decided)
Ve | [ Yi(K) Au(k)
: = + Q" :

/V

_Yk+p|k_/_)/§(RT Au(k+ p-1)

Dynamic Matrices / - _

(made of step e(k)
response coefficients) —* ok : I
: ~1™Feedback Error
AKK+ p-1) | | ek) Correction

Feedforward term: new measurement
(Assume Ad(k+1)=...= A d(k+p-1)=0)




Summary

» Regardless of model form, one gets the prediction
equation in the form of

| Yic+1k - Au(k)
= '%(K) + LYAd (K) + L°e(K) + L 2
Y+ plk \ knoun =bi(K) J Au(k+ p-1) |
- Y (k) - ) AU (K) ’

e Assumptions
— Measured DV (d) remains constant at the current value
of d(k)
— Model prediction error (€) remains constant at the
current value of e(k)



Ramp Type Extrapolation

e For Integrating Processes, Slow Dynamics

e(k+1) =e(k) +i(e(k) —e(k—1))
Ad(K) = Ad(k+1) =---= Ad(k + p—1)

|
k-1 k k+1 k+2

| | |
k-1 k k+1 k+2



Optimization




Objective Function
o Minimization Function: Quadratic cost (as in DMC)

V(k) = i(yk+i|k - y*)TAy(yk+i|k —y*)+ EAUT (k+i)A"Au(k +1)

— Consider only m input moves by assuming Au(k+j)=0 for
]=m

— Penalize the tracking error as well as the magnitudes of
adjustments

« Use the prediction equation.
V(K) = (Y(K) - Y*)" diag(A)(Y (K) —Y*)+Au;(k>zéiag(A“>Aum(k>
| swsinte Y (K) = b(k) + Ly AU, (K)

V(K) =AU (K)HAU _ (k) + g™ (K)AU _ (k) %() constart

First m columns of LY



Constrants

past > future y
target ~ MaX
projected output |
_____ - 1~ T~ T T T T max
L inputs
I I I
k k+1 k+m-1 k+p
I
horizon |

Umin = ’H-(k + EIk) < Umax
|Au(k + £|k)| < Aumax,

E:O,...?-nl_l

Ymin < y(k+7lk) <ymax, j=1,--,p
Substitute the prediction
eguation and rearrange to

CAU_ (k) > h(k)



Optimization Problem
e Quadratic Program

min AUT (KYHAU (k) +g" (K)AU _(K)

AU 1, (K)

such that CAU _ (k) > h(k)

e Unconstrained Solution

AU, () =2 H gk

e Constraned Solution
— Must be solved numerically.



Quadratic Program

Minimization of a quadratic function subject to
linear constraints.

Convex and therefore fundamentally tractable.

Solution methods

— Active set method: Determination of the active set of
constraints on the basis of the KKT condition.

— Interior point method: Use of barrier function to “trap”
the solution inside the feasible region, Newton iteration

Solvers
— Off-the-shelf software, e.g., QPSOL
— Customization is desirable for large-scale problems.



Two-Level Optimization

Steady-State Optimization (Linear Program)

rg(lkr; L (Y. Us(K))

Yeik
Lo

u.(k) =u(k-2 +Au(k) +---+ Au(k + m-1)
yoo|k = bs(k) + LsAus(k)

W

Steady-State
Optimal Setti ing VaI ues (setpoints) Prediction Eqn.
u.(k
yoolk’ S( ) State
(sometimes input deviationsareincluded Feedforward Measurement
In the quadratic objective function) Feedback Error

v

To Dynamic Optimization (Quadratic Program) A/megigi%?llgqn



