Lecture 3
Dynamic Modeling
Part |11: Simulation and Analysis

CHE4400
Professor Jay H. Lee
Georgialnst. Technology

Standard Form of the M odel

* 2 dependent variables and two independent
variables:

X = fL(X, %,,U;,U,)
X2 = fZ(XJ_’XZ’ul’UZ)

f,, f, :some (nonlinear) functionsof x, x,,u,,u,

* There can be many more dependent variables and
many more independent variables. What would
be the form with n dependent variables and m
Independent variables?
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Example: Interacting Tanks

0, = Cuy/ (P, + pohy) = (P, + pah,) =C,4/ p9(h, —h,)

h,(t) (1) hy(t) (1)
v N—,

P, +ogh P, + ogh, P,

q, = CVZN/Pa +pgh, =P, =C,,+/ pgh,

Standard Form

d(Aé?lp) = P9~ PC,4/ P3(h —h,)

G
W:pcm/pgm—m - C,/ o0,
G 7]

J wherex,=h,x,=h,u =g,

dh, _ 9 ~Cyypa(h —h)
s A

f1. (%, % ,Uy)

dhz = Cvl‘\/ m(hl - hz) _CVZ‘\/ mhz
dt A,

Xa

fo (%, %z ,Un)




What can you do with the model?

e Numerical integration (“simulation”) to
Investigate the time behavior of the dependent
variables to a particular x(0) (initial condition) and
u(t), t=0 (independent variable).

What does “numerically solving” the ODEs mean?
— Given: x(0) and (u(t), t=0)
— Obtain (x(t), t>0)
e Analyss.
— Linearization
— Analytical solution via Laplace Transform

Numerical Integration

« Start with x,(0) and x,(0). Set t=0.
» Takean incremental step (of size At, which cannot
be large, why?) forward in time by solving

Forward Euler: Explicit Integration
X, (t+ At) = x, (t) + At Of, (x,(t),....)

X, (t+ At) = x,(t) + At Of, (x,(t),..)
Backward Euler: Implicit Integration

X, (t+ At) = x, (t) + At Of, (x,(t+ At),..)
X, (t+ At) = x,(t) + At Of, (x, (t+ At),...)

Trapezoidal (2" order R-K): Implicit Integration

+of (X, (t+ At),..)

2
..... + fo(x, (t+ At),..)

X, (t+ At) = x, (1) + At —zCa(Be) .
 Repeat thisuntil you reach the desiréd end time




Equilibrium Calculation
» At steady state, d/dt=0
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» Given the steady state values of the independent
variables, one can calculate the corresponding
steady-state values of the dependent values by
solving the above equation.

Solving Algebraic Equations Numerically

* Newton Iteration
current guess of

{O} { (%, 72)} the solutions

0] [F2(X,%)

=i =i of; of; - =

J RX) | e XX
- o,  of, - i

fz(x1 1 %5 S %% X =%

By solving the above approximate equation, one gets iterative formula:

. . -1 . .
x*_[%]_|% % f,(%,%)
o I o I (X, %)

(X4.%5)




Example

0=1q, _Cm/pg(ﬁ_ﬁz)
0:Cvl\l (ﬁ_ﬁz)_cvz\l h

h° h%— Initia guess, i=0

Nevvton iteration (repeat until convergence!)

P,—]liﬂ— :|:Fll} M_l[ 0 -C., /pg(hl' —hz) }
ht ][R ] Ca =) =Cayfooh,
-G F Culpy

N N R NP )

Cu ,09 _ Cvl\/a _Cvz\/E
2R -R)  2(R-R) 2 |

Linearization (1% Order Approximation of
ODEs Around an Equilibrium)

% = 04, %, U, Uy)
X, = (%, %, U;,U,)

1 1s-order Taylor series expansion at the equilibrium

(Ei@mﬂp
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Standard Form of Linearized Model

. [of,  of; ] o
|:X1:| | X —X,
. | | of of o
X == == X, — X
2 | %% % _ (%, %, 0y Uz) 2 2
["of,  of ] e
o,  of, U, -0,

[0y ou | (%, %, 0y, Uy)

Example
dh _ 9 -Cuypa(h —h)
dt A

(%, %)

hz Cvl‘\l (hl hZ Cv2 V

X2

o (%% ,l)
Linearization at h,h,,q,

dhl _ Cvl\/E Cvl\/a

hy
dhz Cm/a _ Cvl\/a _CVZ\/E _hlz
dtl | 2a\(h-h)  2A(h-h) 2A4n |

@l 2AaYh-n)  2AJR-R) [ Hi -




Laplace Transform — Main |dea

“solve”
Linear ODES involves Solution

: integration. t
Example:1st order ODE €g y(t) = EXp(_?j y(0)

dy _
T Ty =u®

t
t-4)
u(t) isagiven time function. +J9Xp[‘T u)dq
0
Inverse Partial Fraction E.,
Me;—g:)ilz(znon TLap;face Laplace I Table,
ransiorm Transform Memorization
(rs+1)9(s) = () “solve” here 0
S ; . e e
G(s)isafunction of s, involves y(s) 1) (s)

Laplacetransformof u(t).  just algebral

Laplace Transform — Key Points(1)
» Formula £ = 1) ET f (e dt = L‘l{f (s)} = f(t)

» Laplace Transform for ssimple signals
— Steps, ramps, exponentia decay or rise, pulse, impulse, etc.
— Can be found by evaluating the integral.
— See Table C2 of your textbook Thisis what enables usto
— Must memorizethesimpleones.  convertlinear ODEsinto

. linear algebraic equations
* |Important Properties —

= s (s)- f(0), L{

d?f
dt?

}s $? [T (s) - sCF (0) - f '(0), etc.

L{j f (Z)dz}:é e Uf-o}=f(9e™
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e sin bt
e
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e™f(t)

f(t —b); with f(t) =0 for t <0




Laplace Transform — Key Points(2)

» Laplace Transform is alinear operation.
L{aCf, (t) +bCF,(t} =alf,(s) +biF,(s)
* Inverse Laplace Transform

— Needed to take the solution obtained through Laplace
transform back to the time domain.

— Theformulainvolves complex contour integral.

— Use partia fraction expansion to break the solution down
to small pieces and use the table (or your memory) to
invert.

— Final and Initial Vaue Theorem.

!imf(t):lirrgsEf(s); f(O):IimsEf(s)

Laplace Transform — Key Points(3)

 Laplace transform does not work for solving
nonlinear ODEs.

Ly @)} # 97(s): L{y®u(t} # 9(s)tli(s)

» See the supplementary note (posted on the class
homepage) on Laplace transform for details.




Transfer Function

» Linear differential equation with a general forcing function

(input) a4yt =kut

— 1% Order dt y() =ku(t)

— 2M Order d’y _dy _
. bF + aa +y(t) = ku(t)

* We can solve the egn. for a specific forcing function but we
can aso leaveit general and take Laplace transform (with the
initial condition of zero) to arrive at ageneral relationship
between output and input.

y(s) = (Es+1) u(S) y(s) = (b+—) G(s)

* With thetransfer function, one can conveniently calculate the
response of the output to any input by multiplication.

y(s) = G(s) Hi(s)

Example: Single-Tank Draining
Assume that you start at the steady state. (,(0) = @j; h,(0) = ﬁ)

_ O
Oo(t) C209
Pa qlzc\/l‘\lpa-i-mh_Pa:ClemhL
hy(t) (1)
A 4 X >
To(t
qo(t) deviation g 0(
« Go(0) variable 0 3
) t

-0o(0)
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Mass Balances

AN = oo, — 0,

dt — Y =7
%
|

AL% =0, —Cyy/ Aah

Linearization (Linear Approximation)

d
Aid—? =0 _Cvl\/ ,Ogh
Linearize at the steady state of

d_I'HI: - —CV1\/E ‘
A =% [ 25 Jhl
e

The above can be solved (using Laplace Transform) but will the
linear model be valid throughout the entire draining experiment?
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Solution Based on the Linearized Model

m: _' i ' = ' :—E
A Qo — FeiraWIthhl(O) Oand d(s) S

dt
i L
(A_LS+ Jhl(s)_ :>|’11(S) —Go _qu1+ R
{a) (e
AR
| B

h(t) = —%R{l— eXp(—ﬁD —~h®)=h —GOR{l—exp(—ﬁJJ

*We can see that hy(t) is an exponentially decaying function of t.

Real Solution

Integrate the differential equation from time O to t to obtain

A =-C oy, hO)=h

1 dh __Cul/pg
Jh dt A
L |

@ -f )= J_(t 0= n(t)[ t+f]

We can see that h,(t) is a quadratic function of t.
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L aplace Transform of a 2x2 System

K12 a[x], gl
X, X, U,
l Laplace Transform
$%,(8) =% (0) _A %,(9) +B G,(s)
X, (8) = %,(0) %,(9) 0, (s)
[ Sl
0 s X(s)| [%(0) u,(s)
29| {s 0} REECIR {s 0}_ Al 00O
%,(9) 0 s %, (0) 0 s G, (s)

Effect of Non-Zero Initial Condition Effect of Forcing Function

Example — Interacting Tanks

] [ L .
& |_| AR AR |
|| 1 _i(i+iJ m || A
¢ | AR AR R
§ Laplace Transform
1 1
{@'(s)}: AR AR P(O)}
h(s)| | -1 S+L(L+LJ h,(0)
AR AR R
1 -1 Il on_|1|on
S+—— -—— 1
+ A11R1 1(A;_Ri 1J [X]@o(S)
- s+ —+= 0
AR AR R

Effectof Inlet Howrate Change
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Example

« How will h; and h, respond in timeif you
“quickly” poured a beaker of water (M ml)

into the first tank? Assume that you start at
the equilibrium. =% h,(0) =h,(0)=0

(s+1[1+1nl
A\R RJJA R
. [S+l(l+1]](s+ 1 j_ 6 (9)
[EMS)}: AR RJITTAR) T AAR
h,(s) 1
' AAR 8,(9)
Transfer/ [S+1[1+1B[s+ L ]—
Function L AR R AR ) AAR
“ 0 Example
0
Area=M :totQJ [ | Mot At -0 N
volume poured in L 2 qo(s) =M
(0 hig t

At

Al |

R (S+ 1,1
P}(ﬂ Rl Rz
Ru(s)

R
AAR

1

R Laplace | hi(t)

J i Transform | hy(t)
AR AAzRi

|
[oralare )l

{hl(t)}: h@® |, h
ARR] h(®t) | |h(t)| |h
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Example

« How will h; and h, respond in timeif you
shut off theinlet flow at t=0? Assume that
you start at the equilibrium. =) h (0)=h,(0)=0

0o (t)

Y

4 ey G590

0

Note for the [ab: Since h gets far away from the steady-state value, the
linearized model may become less and less valid astime increases. Use the

nonlinear model directly in this case.

Example
- ; Inverse
A, [(U%]FERZBT | T k4
[:liﬂz AR RI) q/?Rl AAR |
“AAR s §
AR o s
h(t)] |h®] Lh

Caution: The Linearized Model may not be valid for the
entire duration of draining, as we mentioned earlier.
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Example: Lab 5 (;H Experiment)

dc,

d |- FaCa _(FA +Fg )CA f: fraction of acid that reacted
dC, FoCq — (Fa+Fs)Cq with base to produce water
dt

pH =—l0g,[C,(1- )]
C.+Cy (Ci-Cp)+4m0™

f= 0 [C, - f [T,][C, - f [T,] =10

2C, 2C,
Linearization w.r.t.C,,C,, F,, Fyshould give
dc,
dt &, a | 1 By Q: Where arethe
dC, L\ﬂ ay, | { } F, nonlinearitiesin the
dt i equations?

e el

B

Generalization (n X n System)

Matrix Differential Equation

« = AX +BU y(t)=Cx (t)+Du'(t)

C - - yisaparticular linear
y = Cx +Du combination of x and u

that you want to calculate.
L l IL’l

X(s)=(sl —A)™BG(s)
§'(9)=(C(sl -A)*B+D)d'(9)

G(S) v Transfer function between u and y

Which one would you rather use for calculating x and y for given u?

16



Sample Test Problem 1

(Solutions are in the supplementary notes)

w,T, l |
constant parameters | l :
2 w,T
V=1.60 ft3 1 | steady-state values
w=200 Ib/min o _ .
C=022Bwib°F O Q=1920 Btu/min
i T,=70°F
p=62.4 1b/ft3 i

Suppose that T; increased from 70 °F to 90 °F and Q
dropped from 1920 Btu/min to 1600 Btu/min at t=0.

Calculate the transient response of T. Assume that the tank
was at the steady state at t=0.

Sample Test Problem 2
g=2ms3/min,
Caolt)

)

“ 0, Cas(t) “ 0, Canlt)

>
>

r,.=0.5C,,(t) /min r, =0.5C,,(t) /min
V, =4m?3 V,=3m3

At steady state, C,,= C,,=1kgmol/m?3

At t=0, engineer poured 2.5 kgmols of pure A into thefirst tank.

Calculatetheresponse of C,,(t) and C,,(t). Assumethat the
reactorswere at their steady state at t=0.
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